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In this paper, wakefields driven by a relativistic electron beam in a cold homogeneous plasma is studied using 2-D fluid
simulation techniques. It has been shown that in the limit when the transverse size of a rigid beam is greater than the
longitudinal extension, the wake wave acquires purely an electrostatic form and the simulation results show a good
agreement with the 1-D results given by Ratan et al. [Phys. Plasmas, 22, 073109 (2015)]. In the other limit, when
the transverse dimensions are equal or smaller than the longitudinal extension, the wake waves are electromagnetic
in nature. Furthermore, a linear theoretical analysis of 2-D wakefields for a rigid bi-parabolic beam has also been
done and compared with the simulations. It has also been shown that the transformer ratio which a key parameter
that measures the efficiency in the process of acceleration, becomes higher for a 2-D system (i.e. for a beam having
a smaller transverse extension compared to longitudinal length) than the 1-D system (beam having larger transverse
extension compared to longitudinal length). Furthermore, including the self-consistent evolution of the driver beam
in the simulation, we have seen that the beam propagating inside the plasma undergoes the transverse pinching which
occurs much earlier than the longitudinal modification. Due to the presence of transverse dimensions in the system
the 1-D rigidity limit given by Tsiklauri et al. [Phys. Plasmas, 25, 032114 (2018)] gets modified. We have also
demonstrated the modified rigidity limit for the driver beam in a 2-D beam-plasma system.
I. INTRODUCTION
During the past two decades of research, the plasma
wakefield acceleration (PWFA) scheme has unarguably made
amazing progress because of its wide applications ranging
from medical, industry, to high energy physics1–4. The
scheme uses extremely large electric field associated with the
plasma waves to accelerate the charge particles. Typically
these waves, commonly known as wake wave or wakefield,
are created injecting an ultra-relativistic electron beam inside
a plasma. The generation of strong electric field in a plasma
using an ultra-relativistic electron beam stems from the pio-
neering work by Chen, Huff and Dawson5. Basically when
ultra-relativistic electron beam propagates through a plasma,
it expels the plasma electrons due to space charge force. Ions
do not respond because of their heavy mass. As the beam
moves further inside the plasma, these repelled electrons then
try to come back to their original position. But due to their
inertia, they overshoot and hence an oscillation will be estab-
lished at the back of the beam. As a consequence, a wake wave
will be excited at the wake of the beam6,7 propagating with a
phase velocity equal to the velocity of the beam. These waves,
commonly known as wake wave or wakefield, are nothing but
the disturbances left behind by the electron beam during the
propagation inside the plasma. Hence if a charge particle or
beam rides this wave at an appropriate phase, it can be accel-
erated to high energy using the electric field associated with
the wave. As a relativistic electron beam is required even in
the first place to excite the wake wave in PWFA, this scheme
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is not suitable to design a “free-standing” tabletop accelerator.
This scheme rather offers a way to boost the energy of the ex-
isting linacs4. Success of this scheme has been demonstrated
in a number of experiments8–11 by accelerating electrons up to
GeV energies. A great progress has also been made in apply-
ing PWFA concept to the astrophysical plasmas12–15. Several
extensive numerical and analytical works have also been done
in this area of research. Most of these works have been done
in 1-D where the variations transverse to the beam’s directions
are ignored.16–18. On the other hand, fully 2-D nonlinear the-
oretical works on PWFA have mostly been done ignoring the
self-consistent evolution of the driver beam and using special
beam profiles19,20. Including the self-consistent evolution of
the beam, a details characteristic study emphasizing the effect
of finite transverse beam size on the wakefield and the driver
beam dynamics is still largely an unexplored area of research.
In this paper, we report a detail study for the relativistic
electron beam driven wakefield in a cold plasma using 2-D
fluid simulation techniques. We have performed the simula-
tions over a wide range of beam parameter (i.e. density, ve-
locity, longitudinal length, and transverse length). Here longi-
tudinal length refers to the length of the beam along the beam
direction (longitudinal direction) and transverse length is the
length of the beam perpendicular to the beam direction (trans-
verse direction). The simulations have been performed using
rigid as well as self-evolving beam. Rigid beam defines such
a beam which can penetrate a long distance inside the plasma
without any significant deformation17. In this case, the self-
consistent evolution of the beam can be ignored. The beam be-
haves as a rigid piston. For self-evolving beam configuration,
the evolution of the beam in the self-consistent fields has been
considered. In the simulation when the transverse dimensions
2of a rigid bi-Gaussian beam are greater than their longitudi-
nal extension, we have observed that the wake wave excited
by the beam acquires purely an electrostatic form. The results
obtained from 2-D simulation show a good agreement with the
1-D results given by Ratan et al.17. On the other hand, when
the transverse dimensions of a rigid beam is equal or smaller
than their longitudinal extension, the excitations become elec-
tromagnetic in nature and 2-D effects play an important part in
the dynamics of beam-plasma system. Furthermore, a linear
theoretical analysis of 2-D wakefields for a rigid bi-parabolic
beam has also been done and the analytical results are com-
pared with the fluid simulations. We have also calculated the
transformer ratio which is a key parameter to measure the ef-
ficiency of the acceleration in the simulation. We have ob-
served that the value of the transformer ratio is higher for 2-D
cases (i.e. for a beam having transverse extension equal or
smaller than its longitudinal length) than 1-D systems (i.e for
a beam having transverse extension larger than the longitu-
dinal length). It is to be noted that the transformer ratio for
2-D cases is more or less independent of beam density. In-
cluding the self-consistent evolution of the driver beam in the
simulations (fluid as well as Particle-In-Cell (PIC)), we have
also studied the rigidity of the driver beam. In this paper, PIC
simulations are mainly used to support and validate the fluid
results. Using both these simulation techniques, it has been
shown that the relativistic driver beam propagating through a
cold homogeneous plasma undergoes transverse pinching that
gives rise to the beam density along beam direction. We have
observed that the transverse pinching attributable to the trans-
verse or focusing fields occurs much earlier than longitudi-
nal modification during the propagation of a ultra-relativistic
beam in plasma. It is also seen that the transverse pinching
depends on the beam velocity and occurs later for high beam
velocity. Due to the pinching in the transverse direction, we
have shown that the rigidity limit in terms of beam velocity
(vrb = 0.9999c) given by Tsiklauri et al.
18 given for 1-D cases
gets modified. Rigidity limit vrb defines such a beam veloc-
ity above which the beam can be considered to be rigid for
hundreds of plasma periods. We have also shown the modi-
fied rigidity limit (vrb = 0.999999c) for a driver beam in 2-D
system.
The paper has been organized as following. In Section-II,
we present the basic equations governing the excitation of rel-
ativistic electron beam driven wakefield in 2-D. We have dis-
cussed our numerical techniques used for this study in section-
III. Our numerical observations and the detail discussion of
the obtained results has been covered in section-IV. We have
summarized our studies in section-V.
II. GOVERNING EQUATIONS
The basic equations governing the excitation of relativis-
tic electron beam driven wakefield in a cold plasma in 2-D
are the relativistic fluid-Maxwell equations. These equations
contain the continuity and momentum equations for electron
beam and plasma electrons. Equations for plasma ions are ig-
nored because of their heavy mass. Maxwell’s equations have
been used to calculate fields in the system. Therefore, the ba-
sic normalized equations for 2-D beam-plasma system can be
written as,
∂n
∂ t
+~∇.(n~v) = 0 (1)
∂~p
∂ t
+(~v.~∇)~p=−~E− (~v×~B) (2)
∂nb
∂ t
+~∇.(nb~vb) = 0 (3)
∂ ~pb
∂ t
+(~vb.~∇)~pb =−~E− (~vb×~B) (4)
∂~E
∂ t
= (n~v+ nb~vb)+ (~∇×~B) (5)
∂~B
∂ t
=−(~∇×~E) (6)
~∇.~E = (1− n− nb) (7)
~∇.~B= 0 (8)
where ~p = γ~v and ~pb = γb~vb are the momentum of plasma
electron and beam electron of velocity ~v and ~vb respectively.
Here, γ =
(
1− v2
)−1/2
and γb =
(
1− v2b
)−1/2
are the relativis-
tic factors associated with plasma electron of density n and
beam electron of density nb respectively. Other terms, ~E and
~B represents electric and magnetic field respectively. In the
present study, we consider the 2-D slab geometry in (x, z)-
plane where the beam is moving along z-direction. We have
used ~∇ = xˆ ∂∂x + zˆ
∂
∂ z , allowing the variation in both the longi-
tudinal direction (zˆ) and transverse (xˆ). The above equations
use the following normalization factors. t → ωpet, (x,z)→
ωpe
c
(x,z), ~E → e~E
mecωpe
, ~v→ ~v
c
, ~vb → ~vbc ~p→
~p
mec
, ~pb → ~pbmec ,
n→ n
n0
, ni → nin0 and nb →
nb
n0
. Equations (1-8) are the main
key equations required to examine the excitation of 2-D rel-
ativistic electron beam driven wakefield excitation in a cold
plasma. The exact analytical solution of these set of equa-
tions are formidable. Therefore, we have solved these above
equations numerically using fluid simulation techniques. For
some specific cases, we have also employed fully electromag-
netic particle based Particle-In-Cell (PIC) simulation to com-
pare the results obtained from the fluid simulation. In next
section, we have discussed both the fluid and PIC simulation
techniques used to study the relativistic electron beam driven
wakefield in a cold plasma.
3III. SIMULATION TECHNIQUES
In this section, we present numerical techniques used to
study the relativistic electron beam driven wakefield excita-
tion in a cold plasma. We have used both fluid simulation
techniques based on fluid description of the e− beam-plasma
medium as well as fully kinetic particle based Particle-In-Cell
(PIC) simulation techniques. Below we briefly describe both
the simulation techniques.
A. Fluid simulation of the relativistic electron beam driven
wakefield
We have developed a 2-D electromagnetic fluid code cou-
pling iteratively a set of subroutines based on flux-corrected
transport (LCPFCT)21 scheme, Finite-difference time-domain
(FDTD) method22, and Successive-Over-Relaxation (SOR)
method23. The basic principle of LCPFCT scheme is based
on the generalization of two-step Lax-Wendroff method24.
LCPFCT method basically solves the generalized continuity
type equations. We have used this scheme to solve the conti-
nuity and momentum equations (1-4) for plasma electrons and
electron beam. FDTD method based on Yee algorithm has
also been implemented to solve equations (5) and (6). The
relaxation method has been used to solve equations (7) and
(8). In particular, equations (7) and (8) are solved to ver-
ify the obtained values of electric and magnetic field from
the simulations. Using this code, we have solved the equa-
tions (1-8) numerically with absorbing boundary conditions in
both x and z− directions for all plasma parameters. The time
step (∆t) in the simulations has been chosen using the CFL
condition21 ∆t =Cn∆S/umax; where Cn, ∆S, and umax are the
Courant number, minimum grid size, and maximum fluid ve-
locity respectively. In the simulations, we have usedCn = 0.2,
∆S = ∆z = ∆x = 0.05 as the grid size ∆z and ∆x are same in
both the directions, and umax = 1 as the maximum speed is
equal to the speed of light. In the simulation, the driver beam
is initially kept just inside the plasma with the equilibrium val-
ues of plasma profiles at t = 0. As time goes, the beam then
propagates from one end (left) of the simulation window to
its other end (right). As the beam passes the plasma, the wake
wave is excited. We note the profile of density and velocity for
plasma electrons and beam, and components of electric field
and magnetic field, with time.
B. Particle-In-Cell (PIC) simulation of the relativistic
electron beam driven wakefield
For some special cases of studies (subsection IVC), we
have used fully kinetic particle based Particle-In-Cell (PIC)
simulation techniques. We have adopted fully explicit electro-
magnetic massively parallel particle based PIC code “OSIRIS
4.0”25–27 to study the propagation of electron beam in a
plasma. For the same, a 2-D slab geometry has been chosen
in x− z plane; where simulation box of 50L× 100L is con-
sidered, where L(= c/ωpe) is skin depth of the plasma. In
this box, a bi-Gaussian beam propagating inside a homoge-
neous plasma along +zˆ direction with the initial velocity of
vb has been taken. In the simulation, equilibrium plasma den-
sity is considered as n0 = 10
21cm−3. Plasma consists of elec-
trons and ions (immobile) with a very small thermal velocity
vth = 0.0000442c. The simulation box has been divided into
5000×2500 cells with 2×2 particles per cell and box has ab-
sorbing boundary conditions in both the directions for particle
and fields.
IV. RESULTS AND DISCUSSION
In this section, we present the key results obtained from
simulations as well as from analytical analysis. We have
mostly used fluid simulation techniques for our study. PIC
simulations are used only for section (IVC) to emphasize and
validate the fluid results for the self-consistent dynamics of
the driver beam. The fluid simulations have been performed
over a wide range of beam parameters for both the rigid beam
and self-evolving beam. In earlier 1-D works, it has been
shown that the beam can be considered to be rigid if the ve-
locity of the beam vb → 117,18. In this limit, the momentum
equation (4) for the beam can be ignored and the dynamics
of a rigid beam can be depicted only by the equation (3) with
constant vb. To implement the rigid beam in the simulation,
we have solved equations (1-8) except the equation (4) using
vb = 0.99999999. We have used rigid beam approximation
for the first set of simulations to illustrate the effect of finite
transverse beam size on the excitation. However, the rigidity
of the driver beam is a central question of plasma wakefield
acceleration scheme. For an efficient acceleration process, the
driver beam creating wakefield is required to be rigid for a
long distance. But in a real physical system, the driver beam
eventually evolves in its self-consistent fields. In the second
set of simulations, we have numerically solved the full set of
equations (1-8) for different beam velocity to study the rigid-
ity limit for the driver beam in 2-D. Below we present these
simulation results in detail.
A. Effect of transverse beam dimensions on the excitation
First, we have studied the effect of transverse size of the
driver beam on the excited wakefield in a cold plasma. We
have run fluid simulations using a rigid, bi-Gaussian beam
with different values of longitudinal and transverse beam
length. The beam velocity (vb) for all the simulations pre-
sented in this subsection (IVA) is fixed and considered to be
0.99999999 (or γb = 10000). The density profile of the beam
has been chosen as,
nb = nb0exp
(
− (x−
lx
2
)2
2σ2x
)
exp
(
− z
2
2σ2z
)
(9)
where nb0 and lx define the peak density of the beam and
total length of simulation box along transverse direction x re-
spectively. Here σz and σx represent the extension or length
4of the beam along longitudinal and transverse direction re-
spectively. In Figs. (1) and (2) we show the fluid simulation
results obtained for nb0 = 0.1 at ωpet = 25. Fig. (1) shows
the plot of (a) the plasma density profile (n), (b) longitudi-
nal electric field (Ez), and (c) transverse magnetic field profile
(By) for σz = 0.5 and σx =
√
15. In Fig. (2), we have plot-
ted (a) the plasma density profile (n), (b) longitudinal electric
field (Ez), and (c) transverse magnetic field profile (By) for
σz =
√
5 and σx = 0.5. In the subplot (d) of both the Figs.(1)
and (2), we have plotted the profile of the longitudinal electric
field (Ez) at the mid of the beam (x= lx/2= 25) in transverse
direction as a function of z obtained from the fluid simula-
tions along with the 1-D analytical results. The 1-D results
have been obtained from ref.16 using the Gaussian beam pro-
file nb(z) = nb0exp
(
−z2/(2σ2z )
)
. We see that the 2-D simu-
lation result shows a good agreement with the 1-D results for
σz = 0.5 and σx =
√
15 and deviates for σz =
√
5 and σx = 0.5.
This implies that 1-D treatment of beam-plasma system is
valid only for a beam having long transverse length compared
to longitudinal extension. In this case for σz/σx << 1 , the
nature of the excitations acquires purely electrostatic form.
However, the wakefields become electromagnetic in nature for
σz/σx ≥ 1. The 2-D effect plays important role and becomes
unavoidable for a beam having transverse length smaller than
its longitudinal extension. Furthermore for the sake of com-
pleteness, an analytical treatment for 2-D linear wakefield has
been also done. Below we discuss the analytical derivation of
the linear wakefield for a rigid bi-parabolic beam.
B. Analytical Description of 2-D wakefields
Here we present a linear analytical calculation for the elec-
tron beam driven wakefield in a cold plasma in 2-D. The an-
alytical work has been done using a bi-parabolic or an ap-
proximated bi-Gaussian beam having density profile, nb =
nb0(1− z
2
b2
)(1− x2
a2
); where a and b represents the extension
of beam in longitudinal and transverse directions respectively.
Using the frame transformation (ξ = z− vbt, x ) and lineariz-
ing the equations (1-6), the evolution of plasma density inside
the driver can be written as (see ref.28),
∂ 2ξ n1(ξ ,x)+ n1(ξ ,x) =−nb(ξ ,x) =−nb0g(ξ ) f (x) (10)
The solution of the above equation is,
n1 = nb0 f (x)G(ξ ) (11)
Where G(ξ ) =
∫ ∞
0 g(ξ
′)sin(ξ ′− ξ )dξ ′
In this frame, the equation for the evolution of longitudinal
field is,
(
d2
dx2
− 1)(A1z−φ1) =−n1 (12)
where φ1 and A1z represents the scalar potential and z-
component of vector potential respectively. The solutions of
the above equations inside the beam can be written as,
(A1z−φ1) =−nb0G(ξ )F(x) (13)
For the bi-parabolic beam profile, it is quite straightforward to
find the value of F(x) and G(ξ ). Therefore, the solutions of
the above equation can be written as,
(A1z−φ1) =−2nb0[
2
a2
+
x2
a2
− 1]
×[(1− (ξ + b)
2
b2
)+
2
b
sin(ξ )+
2
b2
(1− cos(ξ ))]
(14)
The expression of the longitudinal electric field inside the
beam is,
Ez =
∂
∂ξ
(A1z−φ1) =−2nb0[
2
a2
+
x2
a2
− 1]
×[(−2(ξ + b)
b2
)+
2
b
cos(ξ )+
2
b2
sin(ξ )]
(15)
At the wake of the beam (nb = 0), the solution of the equa-
tion (10) can be written as,
n1 = A(x)sin(ξ )+B(x)cos(ξ ) (16)
Where A(x) = nb0F(x)(G(ξ f )sin(ξ f ) +G
′(ξ f )cos(ξ f )) and
B(x) = nb0F(x)G
′(ξ f )− A(y)F(x)tan(ξ f ) . Here ξ f represents the
value of ξ at the end of the beam. Thus the longitudinal elec-
tric field at the wake of the beam can be derived as,
Ez(ξ ,x) =−2A(x)cos(ξ )− 2B(x)sin(ξ ) (17)
Using bi-parabolic beam with peak beam density nb0 = 0.1
and velocity vb = 0.99999999, we have also performed fluid
simulation for different values of longitudinal and transverse
beam length. The simulation results are shown in (3) and
(4). Fig. (3) shows the profile of (a) plasma density (n),
(b)longitudinal electric field (Ez), and (c)beam density (nb) for
b= 0.5 and a=
√
15 at ωpet = 25. Fig. (4) shows the profile
of (a) plasma density (n), (b)longitudinal electric field (Ez),
and (c) transverse magnetic field profile (By) for b =
√
5 and
a = 0.5 at ωpet = 18. For these two cases, the ratio between
longitudinal length to transverse length is b/a = 0.129 < 1
and ls = b/a = 4.4 > 1 respectively;. In the last subplots of
Figs.(3(d)) and (4 (d)), we have plotted the profile of the lon-
gitudinal electric field at x = lx/2 as a function of z obtained
from our simulation along with the profiles obtained from 2-D
linear analytical results obtained by solving equation (17) and
corresponding 1-D theoretical profile obtained from ref.16.
We have observed that our simulation result matches with the
2-D theoretical results for all the ratio of b/a. The profile
of longitudinal electric field obtained from both the 2-D sim-
ulation and 2-D theory deviates from 1-D theory results for
b/a = 4.4 > 1. This implies that the extension of the beam
decides the dimension of analysis for the beam-plasma sys-
tem. Earlier 1-D analysis of beam-plasma system5,17,18 are
only valid for a long transverse beam compared to its longitu-
dinal extension.
Furthermore, we have also calculated the transformer ra-
tio using a bi-parabolic beam for both 1-D (beam having
5σz/σx << 1) and 2-D (σz/σx ≥ 1) system. In general, trans-
former ratio (R) is defined as, R = E−z /E
+
z ; where E
−
z and
E+z are the maximum accelerating outside the beam and max-
imum decelerating longitudinal electric field field inside the
beam respectively. We have calculated the values of R from
the simulation using a bi-parabolic beam of different length
ratio (σz/σx). In Fig. (5), we have plotted the transformer
ratio as a function of different beam density (nb) both for
σz/σx = 0.5/3.87 << 1 and σz/σx = 0.5/0.5 = 1. Clearly,
the excitation for σz/σx << 1 will be purely electrostatic or
1-D and the excitations will be electromagnetic in nature for
σz/σx = 1. We see that the transformer ratio obtained for 2-D
cases is higher compared to that values obtained in 1-D cases.
It is also observed that the transformer ratio is nearly indepen-
dent of the beam density for 2-D cases. Whereas the trans-
former ratio in 1-D cases monotonically decreases after a cer-
tain density (see also ref.17).
C. Self-Consistent evolution of the driver beam
The results presented so far have been obtained using a
rigid beam. This implies the charge density and energy of the
beam remain constant through out the propagation. However
in a realistic situation, the beam propagating inside the plasma
must loose its energy andmust be evolved in its self-consistent
fields. To avoid the beam deformation or self-consistent evo-
lution of the beam inside the plasma, most of the analysis of
PWFA uses the beam velocity equal or very close to the speed
of light . Including the self-consistent evolution of the beam,
several authors also have extensively studied the beam dynam-
ics in a plasma in 1-D and reported a critical beam velocity vrb
above which the beam can be considered to be rigid17,18. Re-
cently using 1-D PIC simulation, Tsiklauri et al.18 established
that the driver beam would behave rigid when the velocity of
the beam vb ≥ 0.9999 or γb ≥ 70.7.
In this subsection we present a detail investigation on the
rigidity of the driver beam including the self-consistent evo-
lution in 2-D. We have performed both fluid and PIC simula-
tions to study the driver beam dynamics in a plasma. In the
fluid simulation, we have solved the full set of equations (1-8)
using a bi-Gaussian beam profile defined by equation (9) for
different beam velocity. In the PIC simulations, we have also
used same beam and plasma profiles and parameters. The de-
tails of the PIC simulation techniques used here are described
in the section (III). PIC simulations are mainly used to verify
the fluid results as analytical solution of the full set of equa-
tions (1-8) is difficult. The simulation results are presented in
Figs. (6) and (7) for a bi-Gaussian beam having nb0 = 0.3,
σz = 0.5, and σx =
√
15. Therefore, we have performed sim-
ulations for 1-D cases. as σz/σx << 1. In Fig.(6 (a)) we have
plotted the driver beam density profile at different times ob-
tained from fluid simulation for beam velocities vb = 0.9999
or γb = 70.7(top) and vb = 0.999999 or vb = 707.1 (bottom).
In Fig.(6 (b)) we have shown the driver beam density profile
at different times obtained from PIC simulation for beam ve-
locities vb = 0.9999 or γb = 70.7 (top) and vb = 0.999999 or
vb = 707.1 (bottom). It is evident from both these simulations
that the beam profile gets modified for vb = 0.9999 within
hundred of plasma periods even for a long transverse beam.
Whereas it can be considered to be rigid for vb = 0.999999
or vb = 707.1. We note that these results presented here are
in contrast with the results given by Tsiklauri et.al.18. This
is due to the presence of transverse dimension in the simu-
lations. Tsiklauri et al. using 1-D PIC simulation showed
that the beam having velocity vb = 0.9999 must be rigid for
hundreds of plasma periods inside a plasma. They have de-
liberately restricted the dynamics of the beam only in one di-
mension ignoring the variation in transverse direction. Al-
though the effective dimension of the problem is still 1-D (as
σz/σx << 1), but due to the presence of transverse variation
in the simulation the beam having finite transverse extension
gets modified. In a real physical system, we always have a
beam of finite extensions. Due to the finite transverse exten-
sion which can be much larger than longitudinal length, the
evolution of the beam acquires an additional modification by
the transverse dynamics.
To understand the beam evolution in detail, we have also
plotted the beam profiles in Fig. (7) in both longitudinal and
transverse direction from both the fluid and PIC simulation.
In Fig. (7) we have plotted the beam profiles at different times
for γb = 70.7 and γb = 707.1. In Fig. (7 (a)), we show the
beam density profile (nb) at x = lx/2 = 25 as a function of z
obtained from both Fluid and PIC simulation at different times
for γb = 70.7. Fig. (7 (b)), plots the beam density profile (nb)
at z = zt as a function of x obtained from both Fluid and PIC
simulation at different times for γb = 70.7. Here zt defines the
value of z where the peak of the beam lies at different times.
In Fig. (7) (c), we have plotted the beam density profile (nb)
at x = lx/2 = 25 as a function of z obtained from both Fluid
and PIC simulation at different times for γb = 707.1. Fig. (7)
shows the beam density profile (nb) at z = zt as a function
of x obtained from both Fluid and PIC simulation at different
times for γb = 707.1. We see that the beam undergoes trans-
verse pinching during the propagation inside a plasma. The
transverse pinching is an well known phenomena in relativis-
tic beam-plasma system29. The transverse pinching occurs
due to the finite size in the transverse direction. Because of
finiteness in the transverse direction, the system possess radial
wakefield or focusing fields that gradually pinches the beam.
As a consequence, the density of beam beam increases along
longitudinal direction. It is seen that the longitudinal length
of the beam remains unchanged for both vb = 0.9999 and
vb = 0.999999. We also note that transverse pinching modify-
ing the beam profile depends on the beam velocity. For high
beam velocity, a significant pinching occurs in later times. We
see that the effect of transverse pinching is negligibly small for
hundreds of plasma periods for vb = 0.999999 and the beam
is rigid. The results presented in the subsection (IVA) using
the rigid beam are consistent with these studies as as they are
obtained for vb = 0.99999999 or γb = 10000.
6V. CONCLUSION
As a summary, this paper reports a detail study of electron
beam driven wakefield in a cold plasma in 2-D using fluid
as well as Particle-In-Cell(PIC) simulation techniques. It has
been shown that in the limit when the transverse dimensions
of a rigid bi-Gaussian beam are greater than their longitudi-
nal extension, the wake wave excited by the beam acquires
purely an electrostatic form and the simulation results show a
good agreement with the 1-D results given by Ratan et al.17.
In the other limit, when the transverse dimensions of a rigid
beam is equal or smaller than their longitudinal extension, the
wakefields become electromagnetic in nature. Furthermore, a
linear theoretical analysis of 2-D wakefields has been carried
out for a rigid bi-parabolic beam and the results have been
verified with the simulations. The transformer ratio which is a
key parameter for measuring the efficiency of the acceleration
in PWFA, is found to be larger for 2-D cases than that ob-
tained from 1-D systems. Including the self-consistent beam
evolution in the simulation, we have studied the driver beam
dynamics in 2-D system. It has been shown that the rigid-
ity limit of the driver beam obtained from purely 1-D sim-
ulations system gets modified due to the presence of trans-
verse dimension. The relativistic beam propagating inside the
plasma gets pinched in the transverse dimension. We have
also obtained and demonstrated the modified rigidity limit for
the driver beam in PWFA concept.
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FIG. 1. Plot of (a) normalized plasma electron density (n), (b) longitudinal electric field (Ez), (c) y− component of magnetic field (By) (d)
profile of Ez at x = lx/2 as a function of z from simulation (red circle) and 1-D theory (black solid line) at ωpet = 25 for the normalized peak
beam density (nb)=0.1, σz = 0.5 and σx =
√
15, and beam velocity (vb) =0.99999999.
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FIG. 2. Plot of (a) normalized plasma electron density (n), (b) longitudinal electric field (Ez), (c) y− component of magnetic field (By), (d)
profile of Ez at x = lx/2 as a function of z from simulation (blue solid line) and 1-D theory (red dotted line) at ωpet = 25 for the normalized
peak beam density (nb)=0.1, σz =
√
5 and σx = 0.5, and beam velocity (vb) =0.99999999.
9FIG. 3. Plot of (a) normalized plasma electron density (n), (b) longitudinal electric field (Ez), (c) beam (nb), (d) profile of Ez at x = lx/2 as a
function of z from simulation (blue solid line), 2-D theory (red circle) and 1-D theory (magenta dotted line) at ωpet = 25 for the normalized
peak beam density (nb)=0.1, b= 0.5 and a=
√
15, and beam velocity (vb) =0.99999999.
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FIG. 4. Plot of (a) normalized plasma electron density (n), (b) longitudinal electric field (Ez), (c)y− component of magnetic field (By), (d)
profile of Ez at x = lx/2 as a function of z from simulation (red solid line), 2-D theory (black circle) and 1-D theory (blue dotted line) at
ωpet = 17 for the normalized peak beam density (nb)=0.1, b=
√
5 and a= 0.5, and beam velocity (vb) =0.99999999.
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FIG. 5. Plot of transformer ratio (R) as a function of peak beam density (nb0) for 1-D case (σz = 0.5, σx =
√
15) and 2-D case (σz = 0.5,
σx = 0.5)
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FIG. 6. Plot of beam density profile (nb) having nb0 = 0.3, σz = 0.5, σx =
√
15 at different times for γb = 70.7 and γb = 707.1 using (a) Fluid
simulation and (b) PIC simulation. Subplots a(i) and b(i) represent the beam evolution for γb = 70.7 in Fluid and PIC simulation respectively.
Subplots a(ii) and b(ii) represents the beam evolution for γb = 707.1 in Fluid and PIC simulation respectively.
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FIG. 7. Plot of (a) the beam density profile (nb) at x = lx/2 = 25 as a function of z obtained from both Fluid and PIC simulation at different
times for γb = 70.7, (b) the beam density profile (nb) at zt (value of z at the peak of the beam) as a function of x obtained from both Fluid and
PIC simulation at different times for γb = 70.7. (c)the beam density profile (nb) obtained from both Fluid and PIC simulation as a function of
z at different times for γb = 707.1, (b) the beam density profile (nb) at zt (value of z at the peak of the beam) as a function of x obtained from
both Fluid and PIC simulation at different times for γb = 707.1.
